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ANNA FINO AND FRANCESCA SALVATORE
Abstract. A closed SL(3,C)-structure on an oriented 6-manifold is given by
a closed definite 3-form ρ. In this paper we study two special types of closed
SL(3,C)-structures. First we consider closed SL(3,C)-structures ρ which are mean
convex, i.e. such that d(Jρρ) is a semi-positive (2, 2)-form, where Jρ denotes the
induced almost complex structure. This notion was introduced by Donaldson in
relation to G2-manifolds with boundary and as a generalization of nearly-Ka¨hler
structures. In particular, we classify nilmanifolds which carry an invariant mean
convex closed SL(3,C)-structure. A classification of nilmanifolds admitting invari-
ant mean convex half-flat SU(3)-structures is also given and the behaviour with
respect to the Hitchin flow equations is studied. Then we examine closed SL(3,C)-
structures which are tamed by a symplectic form Ω, i.e. such that Ω(X, JρX) > 0
for each non-zero vector field X. In particular, we show that if a solvmanifold
admits an invariant tamed closed SL(3,C)-structure, then it has also an invariant
symplectic half-flat SU(3)-structure.
1. introduction
An SL(3,C)-structure on an oriented manifold of real dimension 6 is defined by a
definite real 3-form ρ, i.e. by a stable 3-form ρ inducing an almost complex structure
Jρ (see [27, 38]). We shall say that the SL(3,C)-structure ρ is closed if dρ = 0. As
remarked in [13], closed SL(3,C)-structures obey an h-principle, since any hypersur-
face in R7 acquires a closed SL(3,C)–structure.
A special case of closed SL(3,C)-structure is given by a closed SU(3)-structure,
i.e. by the data of an almost Hermitian structure (J, g, ω) and a (3, 0)-form Ψ of
non-zero constant length satisfying
i
2
Ψ ∧Ψ = 2
3
ω3, d(Re(Ψ)) = 0.
Indeed the 3-form ρ = Re(Ψ) defines a closed SL(3,C)-structure such that Jρ = J .
As shown in [13], a closed SL(3,C)-structure always determines a real 3-form
ρˆ := Jρρ such that dρˆ is of type (2, 2) with respect to Jρ. Moreover ρˆ is the imaginary
part of a complex (3, 0)-form Ψ. We shall say that a closed SL(3,C)-structure is mean
convex if the (2, 2)-form dρˆ is semi-positive. Note that Jρ is integrable if and only
if d(Jρρ) = 0. A special class of mean convex closed SL(3,C)-structures is given by
nearly-Ka¨hler structures. Indeed, a nearly-Ka¨hler structure can be defined as an
SU(3)-structure (ω,Ψ) satisfying the following conditions:
dω = −3
2
ν0 Re(Ψ), d(Im(Ψ)) = ν0 ω
2,
where ν0 ∈ R− {0} and therefore, up to a change of sign of Re(Ψ), we can suppose
ν0 > 0. The nearly-Ka¨hler condition forces the induced Riemannian metric g to
be Einstein and, up to now, very few examples of manifolds admitting complete
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2 ANNA FINO AND FRANCESCA SALVATORE
nearly-Ka¨hler structures are known [5, 21, 24, 25, 36, 37]. More in general, an SU(3)-
structure (ω,Ψ) such that d(Re(Ψ)) = 0 and d(ω ∧ ω) = 0 is called half-flat, see for
instance [2, 4, 6, 8, 11, 18, 22, 28, 29] for general results on this types of structures. In
particular, every oriented hypersurface of a Riemannian 7-manifold with holonomy
in G2 is naturally endowed with a half-flat SU(3)-structure and, conversely, using the
Hitchin flow equations, a 6-manifold with a real analytic half-flat SU(3)-structure
can be realized as a hypersurface of a 7-manifold with holonomy in G2 [4, 28].
Nilmanifolds, i.e. compact quotients Γ\G of connected, simply connected, nilpo-
tent Lie groups G by a lattice Γ, provide a large class of compact 6-manifolds admit-
ting invariant closed SL(3,C)-structures [6, 7, 8, 10, 19], where by invariant we mean
induced by a left-invariant one on the nilpotent Lie group G. Note that nilmanifolds
cannot admit invariant nearly Ka¨hler structures, since by [35] the Ricci tensor of
a left-invariant metric on a non-abelian nilpotent Lie group always has a strictly
negative direction and a strictly positive direction.
Since a nilmanifold is parallelizable, its Stiefel-Whitney numbers and Pontryagin
numbers are all zero, hence by well-known theorems of Thom and Wall, it bounds
orientably, i.e. it is diffeomorphic to the boundary of a compact connected manifold
N . So it would be a natural question to see if, given a 6-dimensional nilmanifold
endowed with an invariant mean convex closed SL(3,C)-structure ρ, there exists
on N a closed G2-structure with boundary value an “enhancement” of ρ (see [13,
Section 3.1] for more details).
In this paper we classify 6-dimensional nilpotent Lie algebras admitting mean
convex closed SL(3,C)-structures (Theorem 4.1). According to [23, 32] there are 34
isomorphism classes of 6-dimensional real nilpotent Lie algebras gi, i = 1, . . . , 34,
listed in Table 1. We show that, if M = Γ\G is a nilmanifold such that the Lie
algebra g of G is isomorphic to any of six Lie algebras gi, i = 1, 2, 4, 9, 12, 34, then
M does not admit any invariant mean convex closed SL(3,C)-structures. If g is not
isomorphic to any of those Lie algebras, M admits an invariant mean convex closed
SU(3)-structure. Using the classification of half-flat nilpotent Lie algebras (see [8]),
we prove that 16 of the 24 isomorphism classes admit a mean convex half-flat SU(3)-
structure (Theorem 5.2). An explicit mean convex closed (half-flat) SU(3)-structure
for every Lie algebra is given in Table 2. Moreover, in Section 6 we show that the
mean convex condition is preserved by the Hitchin flow equations in some special
cases. More generally, since in our examples the property is preserved for small
times, it would be interesting to determine if this is always the case.
Given a closed SL(3,C)-structure ρ on a 6-manifold, another natural condition to
study is the existence of a symplectic form Ω taming Jρ, i.e. such that Ω(X, JρX) > 0
for each non-zero vector field X. This is equivalent to the positivity in the standard
sense of the (1, 1)-component Ω1,1 of Ω. We shall say that a closed SL(3,C)-structure
ρ is tamed if there exists a symplectic form Ω such that Ω1,1 > 0.
As shown in [13] a mean convex SL(3,C)-structure on a compact 6-manifold cannot
be tamed by any symplectic form. If we remove the assumption of mean convexity,
examples of tamed closed SL(3,C)-structures are given by symplectic half-flat struc-
tures (ω,Ψ), i.e., by half-flat SU(3)-structures (ω,Ψ) with dω = 0. In this case
ρ = Re(Ψ) is tamed by the symplectic form ω, since ω is of type (1, 1) with respect
to Jρ. In [10], nilmanifolds admitting invariant symplectic half-flat structures were
classified. Later, this classification was generalized to solvmanifolds, i.e. to compact
quotients Γ\G of connected, simply connected, solvable Lie groups G by lattices
Γ (for more details, see [17]). In this paper we prove that, if a solvmanifold Γ\G
admits an invariant tamed closed SL(3,C)-structure, then Γ\G also has an invariant
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symplectic half-flat structure (Theorem 7.1). Explicit examples of closed SL(3,C)-
structures tamed by a symplectic form Ω such that dΩ1,1 6= 0 are provided. These
examples provide new examples of closed G2-structures on the product M×S1, where
M = Γ\G is a 6-dimensional solvmanifold endowed with an invariant tamed closed
SL(3,C)-structure. It would be interesting to see if there exist compact manifolds
which have tamed closed SL(3,C)-structures but do not admit any symplectic half-
flat structures.
The paper is organized as follows. In Section 2 we review the general theory of
semi-positive (p, p)-forms focusing on the case p = 2. In Section 3 we study the
intrinsic torsion of closed SU(3)-structures in relation to the mean convex condition.
Section 4 contains the classification of nilmanifolds admitting an invariant mean
convex closed SL(3,C)-structure. In Section 5 we focus on mean convex half-flat
SU(3)-structures and, in Section 6, we study their behaviour under the Hitchin flow
equations. Finally, in Section 7 we classify solvmanifolds admitting invariant tamed
closed SL(3,C)-structures (Theorem 7.1).
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G.N.S.A.G.A. of I.N.d.A.M. The authors would like to thank Simon Chiossi and
Alberto Raffero for useful discussions and comments.
2. Preliminaries on semi-positive differential forms
In this section we review the definition and main results regarding semi-positive
(p, p)-forms on complex vector spaces. We are interested in the case where the
complex vector space is the tangent space to an almost complex manifold M but,
in this section, we emphasize considerations involving only linear algebra. For more
details we refer for instance to [12, 26].
Let V be a complex vector space of complex dimension n and (z1, . . . , zn) be
coordinates on V . Note that V can be considered also as a real vector space of
dimension 2n endowed by the complex structure J given by the multiplication by i.
We denote by
(
∂
∂z1
, . . . , ∂∂zn
)
the corresponding basis of V and by (dz1, . . . , dzn) its
dual basis of V ∗.
Consider the exterior algebra
ΛV ∗ ⊗ C =
⊕
Λp,qV ∗,
where Λp,qV ∗ is a shorthand for ΛpV ∗ ⊗ ΛqV ∗.
V has a canonical orientation, given by the (n, n)-form
τ(z) :=
1
2n
idz1 ∧ dz1 ∧ . . . ∧ idzn ∧ dzn = dx1 ∧ dy1 ∧ dxn . . . ∧ dyn, (2.1)
where zj = xj+iyj . In particular, an almost complex manifold always has a canonical
orientation.
We shall say that a (p, p)-form γ is real if γ = γ. One can introduce a natural
notion of positivity for real (p, p)-forms.
Definition 2.1. A real (p, p)-form γ ∈ Λp,pV ∗ is said to be semi-positive if, for all
αj of Λ
1,0V ∗, 1 ≤ j ≤ n− p,
γ ∧ i
2
α1 ∧ α1 ∧ . . . ∧ i
2
αn−p ∧ αn−p = λτ(z), λ ≥ 0.
We shall focus on the case n = 3 and using the results in [12] we shall provide
equivalent definitions for semi-positive real forms of type (1, 1) and (2, 2).
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Proposition 2.2. Let α = i2
∑
j,k ajk dzj ∧ dzk be a real (1, 1)-form on V . Then the
following are equivalent:
(i) α is semi-positive,
(ii) the Hermitian matrix of coefficients (ajk) is positive semi-definite,
(iii) there exist coordinates (w1, . . . wn) on V such that
α =
i
2
n∑
k=1
a˜kk dwk ∧ dwk, with a˜kk ≥ 0, ∀k = 1, . . . n.
Proposition 2.3. If α1, α2 are semi-positive real (1, 1)-forms, then α1 ∧α2 is semi-
positive.
Definition 2.4. A real (1, 1)-form α = i2
∑
j,k ajkdzj ∧ dzk is positive if the matrix
of coefficients (ajk) is positive definite.
Now, for n = 3, we want to characterize the concept of semi-positivity for real
(2, 2)-forms. Let γ be a real (2, 2)-form on V . We can write
γ = −1
4
∑
i<k
j<l
γijkldzi ∧ dzj ∧ dzk ∧ dzl, (2.2)
with respect to some coordinates (z1, z2, z3) on V .
To γ we can associate the real (1, 1)-form β = ∗γ, where ∗ is the Hodge operator
with respect to the standard Hermitian product h := Re(
∑
i dzidzi) and the volume
form τ(z). In the coordinates (z1, z2, z3), we have
β =
i
2
∑
m,n
βmndzm ∧ dzn, (2.3)
where
βmn :=
1
4
∑
i,j,k,l
γijklikmjln.
Here abc is the Levi-Civita symbol, with 123 = 1. Notice that the matrix (βmn) is
Hermitian, since γ = γ implies γijkl = γjilk. From now on, (βmn) will denote the
matrix coefficients associated to γ or, equivalently, to the (1, 1)-form β.
Using Definition 2.1 and β = ∗γ, the following holds:
Proposition 2.5. Let γ 6= 0 be a real (2, 2)-form on V . Then the following are
equivalent:
(i) γ is semi-positive,
(ii) γ ∧ α > 0 for every positive real (1, 1)-form α, i.e. γ ∧ α = λτ(z) where
λ > 0,
(iii) the associated (1, 1)-form β is positive semi-definite.
In particular, we can give the following
Definition 2.6. A real (2, 2)-form γ on V is positive if the associated (1, 1)-form β
is positive.
As shown in [26, Theorem 1.2], a real (2, 2)-form γ is always diagonalizable, i.e.
there exist coordinates (w1, w2, w3) of V such that
γ = −1
4
∑
i<k
γiikkdwi ∧ dwi ∧ dwk ∧ dwk.
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By Proposition 2.5, γ is semi-positive if and only if γiikk ≥ 0, for every i < k. In
particular, the diagonal matrix (βmn) associated to γ in these coordinates is positive
semi-definite. Moreover, γ is positive if and only if γiikk > 0, for every i < k.
3. Mean convexity and intrinsic torsion of SU(3)-structures
In this section we study the mean convex property in the context of closed SU(3)-
structures and provide necessary and sufficient conditions in terms of the intrinsic
torsion of the SU(3)-structure.
An SL(3,C)-structure on a 6-manifold M is a reduction to SL(3,C) of the frame
bundle of M which is given by a definite real 3-form ρ, i.e. by a stable 3-form inducing
an almost complex structure Jρ. We recall that a 3-form ρ on a real 6-dimensional
space V is stable if its orbit under the action of GL(V ) is open. If we fix a volume
form ν ∈ Λ6V ∗ and denote by
A : Λ5V ∗ → V ⊗ Λ6V ∗
the canonical isomorphism induced by the wedge product ∧ : V ∗ ⊗ Λ5V ∗ → Λ6V ∗,
we can consider the map
Kρ : V → V ⊗ Λ6V ∗, v 7→ A((ivρ) ∧ ρ).
A 3-form ρ on V is stable if and only if λ(ρ) = 16 Tr(K
2
ρ) 6= 0 (see [27, 38] for further
details). When λ(ρ) < 0, the 3-form ρ induces an almost complex structure
Jρ := − 1√−λ(ρ)Kρ
and we shall say that ρ is definite. A simple computation shows that Jρ does not
change if ρ is rescaled by a non-zero real constant, i.e., Jρ = Jsρ for every s ∈ R−{0}.
Moreover, defining ρˆ := Jρρ, we have that ρ+iρˆ is a complex (3, 0)-form with respect
to Jρ.
We shall say that an SL(3,C)-structure ρ is closed if dρ = 0. According to [13],
dρˆ is a real (2, 2)-form and so we can introduce the following
Definition 3.1. Let ρ be a closed SL(3,C)-structure on M . We shall say that ρ is
mean convex (resp. strictly mean convex) if dρˆ, pointwise, is a non-zero semi-positive
(resp. positive) (2, 2)-form.
Given an SL(3,C)-structure ρ on a 6-manifold M , if there exists a non-degenerate
positive (1, 1)-form ω on M such that ρ ∧ ρˆ = 23ω3, then the pair (ω,Ψ), where
Ψ = ρ + iJρρˆ, defines an SU(3)-structure and the associated almost Jρ-Hermitian
metric g is given by g(·, ·) := ω(·, Jρ·). Since Ψ is completely determined by its real
part ρ, we shall denote an SU(3)-structure simply by the pair (ω, ρ).
In this case, at any point p ∈ M , one can always find a coframe (f1, . . . , f6),
called adapted basis for the SU(3)-structure (ω, ρ), such that
ω = f12 + f34 + f56, ρ = f135 − f146 − f236 − f245. (3.1)
Here f ij···k stands for the wedge product f i ∧ f j ∧ · · · ∧ fk.
We shall say that the SU(3)-structure (ω, ρ) is closed if dρ = 0 and in a similar
way we can introduce the following
Definition 3.2. A closed SU(3)-structure (ω, ρ) on a 6-manifold M is (strictly)
mean convex if the SL(3,C)-structure ρ is (strictly) mean convex.
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The intrinsic torsion of the SU(3)-structure (ω, ρ) can be identified with the pair
(∇ω,∇Ψ), where∇ is the Levi-Civita connection of g, and it is a section of the vector
bundle T ∗M ⊗ su(3)⊥, where su(3)⊥ ⊂ so(6) is the orthogonal complement of su(3)
with respect to the Killing Cartan form B of so(6). Moreover, by [6, Theorem 1.1]
the intrinsic torsion of (ω, ρ) is completely determined by dω, dρ and dρˆ. Indeed,
there exist unique differential forms ν0, pi0 ∈ C∞(M), ν1, pi1 ∈ Λ1(M), ν2, pi2 ∈
[Λ1,10 M ], ν3 ∈ JΛ2,10 MK such that
dω = −3
2
ν0 ρ+
3
2
pi0 ρˆ+ ν1 ∧ ω + ν3,
dρ = pi0 ω
2 + pi1 ∧ ρ− pi2 ∧ ω,
dρˆ = ν0 ω
2 − ν2 ∧ ω + Jpi1 ∧ ρ,
(3.2)
where [Λ1,10 M ] := {α ∈ [Λ1,1M ] | α ∧ ω2 = 0} is the space of primitive real (1, 1)-
forms and JΛ2,10 MK := {η ∈ JΛ2,1MK | η ∧ ω = 0} is the space of primitive real
(2, 1) + (1, 2)-forms. The forms νi, pij are called torsion forms of the SU(3)-structure
and they completely determine its intrinsic torsion, which vanishes if and only if all
the torsion forms vanish identically.
If ρ is closed, as a consequence of (3.2), we have dρˆ = θ ∧ ω, where θ is the
(1, 1)-form defined by θ := ν0 ω − ν2.
We recall that, given a real (1, 1)-form α, the trace Tr(α) of α is given by 3α∧ω2 =
Tr(α)ω3. Then, in terms of ν0 and the (1, 1)-form θ, we can prove the following
Proposition 3.3. Let (ω, ρ) be a closed SU(3)-structure on M . Then
(i) if (ω, ρ) is mean convex, then the torsion form ν0 is strictly positive and
the (1, 1)-form θ is not negative (semi-)definite. Moreover, its trace Tr(θ) is
strictly positive,
(ii) if θ is semi-positive, then the SU(3)-structure is mean convex.
Proof. Let us assume that (ω, ρ) is a mean convex closed SU(3)-structure on M . By
(3.2) we have dρˆ = θ ∧ω. Now, Proposition 2.5 implies dρˆ∧α > 0 for every positive
real (1, 1)-form α. Then (i) follows by choosing α = ω; indeed dρˆ ∧ ω = ν0ω3, since
ν2 ∈ [Λ1,10 M ]. In particular Tr(θ) = 3ν0 > 0. (ii) follows from Proposition 2.3. 
A closed SU(3)-structure (ω, ρ) is called half-flat if dω2 = 0 and we shall refer to
it simply as a half-flat structure. Half-flat structures are strictly related to torsion
free G2-structures. We recall that a G2-structure on a 7-manifold N is characterized
by the existence of a 3-form ϕ inducing a Riemannian metric gϕ and a volume form
dVϕ given by
gϕ(X,Y )dVϕ =
1
6
ιXϕ ∧ ιY ϕ ∧ ϕ, X, Y ∈ Γ(TM).
By [16], the G2-structure ϕ is torsion free, i.e. ϕ is parallel with respect to the
Levi-Civita connection of gϕ, if and only if ϕ is closed and co-closed, or equivalently
if the holonomy group Hol(gϕ) is contained in G2. A torsion free G2-structure ϕ on
N induces on each oriented hypersurface ι : M ↪→ N a natural half-flat structure
(ω, ρ) given by
ρ = ι∗ϕ, ω2 = 2 ι∗(∗ϕϕ).
Conversely, in [28], the so-called Hitchin flow equations{
∂
∂tρ(t) = dω(t),
∂
∂tω(t) ∧ ω(t) = −dρˆ(t),
(3.3)
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have been introduced, proving that every compact real analytic half-flat manifold
(M,ω, ρ) can be embedded isometrically as a hypersurface in a 7-manifold N with a
torsion free G2-structure. Moreover, the intrinsic torsion of the half-flat structure can
be identified with the second fundamental form B ∈ Γ(S2T ∗M) of M with respect
to a fixed unit normal vector field ξ. As in [13], with respect to Jρ, we can write
B = B1,1+BC , where B1,1 is the real part of a Hermitian form and BC is the real part
of a complex quadratic form. If we denote by β1,1 = B1,1(Jρ·, ·) the corresponding
(1, 1)-form on M , we have β1,1∧ω = 12dρˆ, from which it follows that, if (ω, ρ) is mean
convex, then the mean curvature µ given explicitly by 14µρ∧ ρˆ = 12dρˆ∧ ω is positive
with respect to the normal direction (for more details see [13, Prop. 1]). Moreover,
since the wedge product with ω defines an injective map on 2-forms, comparing this
with (3.2) yields θ = 2β1,1. Then, by Proposition 3.3, if B1,1 defines a positive
semi-definite Hermitian product, then the half-flat structure (ω, ρ) is mean convex.
Special types of half-flat structures (ω, ρ) are called coupled, when dω = −32ν0 ρ,
and double, when dρˆ = ν0 ω
2.
Notice that, by Proposition 3.3, double structures (ω, ρ) are trivially mean convex
as long as ν0 > 0. However, it is straightforward to check that, if (ω, ρ) is a double
structure such that ν0 < 0, then (ω,−ρ) is mean convex.
In [7, Theorem 4.11], a classification of 6-dimensional nilpotent Lie algebras en-
dowed with a double structure was given. Other examples of double structures on
S3 × S3 were found in [31, 41].
For a general Lie algebra we can show the following
Proposition 3.4. If a Lie algebra g has a closed strictly mean convex SL(3,C)-
structure, then g admits a double structure.
Proof. Let ρ be a closed strictly mean convex SL(3,C)-structure on g and denote
ρˆ = Jρρ as usual. Then dρˆ is a positive (2, 2)-form and, as shown in [34], there exists
a positive (1, 1)-form α such that dρˆ = α2. Moreover, since α is positive with respect
to Jρ, α
3 is a positive multiple of the volume form ρ ∧ ρˆ. Since Jρ does not change
for a non-zero rescaling of ρ, this implies that there exists b 6= 0 such that (bρ, α) is
a double structure on g. 
As a consequence, the classification of nilpotent Lie algebras admitting closed
strictly mean convex SL(3,C)-structures reduces to Theorem 4.11 in [7]. Therefore,
in the next two sections we weaken the condition asking for the existence of closed
(non-strictly) mean convex SL(3,C)-structures.
4. Mean convex closed SL(3,C)-structures on nilmanifolds
We recall that a nilmanifold M = Γ\G is a compact quotient of a connected,
simply connected, nilpotent Lie groupG by a lattice Γ. We shall say that an SL(3,C)-
structure ρ (resp. SU(3)-structure (ω, ρ)) is invariant if it is induced by a left-
invariant one on the nilpotent Lie group G. Therefore, the study of these types of
structure is equivalent to the study of SL(3,C)-structures (resp. SU(3)-structures)
on the Lie algebra g of G and we can work at the level of nilpotent Lie algebras.
Six-dimensional nilpotent Lie algebras have been classified in [23, 32]. Up to
isomorphism, they are 34, including the abelian algebra (see Table 1 for the list).
Using this classification we can prove
Theorem 4.1. Let M = Γ\G be a 6-dimensional nilmanifold. If the Lie algebra g
of G is isomorphic to any of the six Lie algebras
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g1 = (0, 0, e
12, e13, e14 + e23, e34 − e25),
g2 = (0, 0, e
12, e13, e14, e34 − e25),
g4 = (0, 0, e
12, e13, e14 + e23, e24 + e15),
g9 = (0, 0, 0, e
12, e14 − e23, e15 + e34),
g12 = (0, 0, 0, e
12, e14, e15 + e24),
g34 = (0, 0, 0, 0, 0, 0),
then M does not have any invariant mean convex closed SL(3,C)-structures. More-
over, if the Lie algebra g of G is not isomorphic to any of the Lie algebras in the
previous list, M admits an invariant mean convex closed SU(3)-structure. An explicit
mean convex closed SU(3)-structure for every Lie algebra gi, i /∈ {1, 2, 4, 9, 12, 34},
is given in Table 2.
Proof. Let g be the Lie algebra of G. Every invariant SL(3,C)-structure on M
is determined by an SL(3,C)-structure on g and vice versa. First note that the
possibility that g is abelian is precluded by Definition 3.1. Then, in order to prove
the first part of the theorem, we first show the non existence result for the five Lie
algebras g1, g2, g4, g9 and g12. For any of these Lie algebras, let us consider a generic
closed 3-form
ρ =
∑
i<j<k
pijk e
ijk, pijk ∈ R.
Let us assume that ρ is definite, i.e. stable with λ(ρ) < 0. Then ρ induces an almost
complex structure Jρ and we may ask if the induced (2, 2)-form dρˆ is semi-positive.
Notice that the 1-forms ζk = ek − iJρek, for k = 1, . . . , 6, generate the space Λ1,0g∗i
of (1, 0)-forms with respect to Jρ on gi, i = 1, 2, 4, 9, 12. Here we are using the
convention Jρα(v) = α(Jρv) for any α ∈ g∗, v ∈ g. So, for any closed definite 3-form
ρ, we extract a basis (ξ1, ξ2, ξ3) for Λ1,0g∗i , where ξ
j = ζkj for some kj ∈ {1, . . . , 6}
and j = 1, 2, 3. Then, (ξ1, ξ2, ξ3, ξ
1
, ξ
2
, ξ
3
) is a complex basis for g∗i ⊗ C and we can
write dρˆ in this new basis as
dρˆ = −1
4
∑
i<k
j<l
γijkl ξ
iξ
j
ξkξ
l
,
for some γijkl ∈ C. We note that the real one-forms
ekj =
1
2
(ξj + ξ
j
), Jρ(e
kj ) =
i
2
(ξj − ξj), j = 1, 2, 3,
define a new real basis for g∗i . Now, following Section 2, we consider the real (1, 1)-
form β associated to dρˆ, given explicitly by
β =
i
2
∑
m,n
βmn ξ
mξ
n
, βmn =
1
4
∑
i,j,k,l
γijklikmjln, (4.1)
and we compute the expression of βmn in terms of pijk. Therefore, dρˆ is semi-positive
(non-zero) if and only if the Hermitian matrix (βmn) is positive semi-definite, which
occurs if and only if
βkk ≥ 0, k = 1, 2, 3,
βrrβkk − |βrk|2 ≥ 0, r < k, r, k = 1, 2, 3,
det(βmn) ≥ 0,
(4.2)
with (βmn) different from the zero matrix.
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Then it can be shown that, for every closed 3-form ρ such that λ(ρ) < 0, the
system (4.2) in the variables pijk has no solutions.
Let us see this explicitly for gi, i = 1, 2. By a direct computation, for the generic
closed 3-form ρ on g1 we have
λ(ρ) =
[
(p145 + 2p235)p146 + p145p236 + p
2
245
]2
+4p146p236 (p126 − p145p235 + p135p245)
and, for the generic closed 3-form ρ on g2, we get
λ(ρ) =
(
p2245 + p145p236 + 2p146p235
)2
+ 4p146p236 (−p145p235 + p135p245 + p125p146) .
Notice that, if at least one between p146 and p236 is equal to zero, then λ(ρ) ≥ 0. So let
us assume that both p146, p236 are non-zero. Then (e
1, Jρe
1, e2, Jρe
2, e5, Jρe
5) defines
a basis of g∗i , for i = 1, 2, hence (ξ
1 = e1− iJρe1, ξ2 = e2− iJρe2, ξ3 = e5− iJρe5) is a
basis of (1, 0)-forms on gi, i = 1, 2. By a direct computation, it can be shown that in
these cases the matrix coefficient β11 vanishes and so β11β33 − |β13|2 = −|β13|2 ≤ 0,
but β13 = 0 implies λ(ρ) = 0 which is a contradiction.
By a very similar discussion, we may discard cases g4, g9 and g12 as well. In order
to prove the second part of the theorem, we construct an explicit mean convex closed
SU(3)-structure (ω, ρ) on the remaining nilpotent Lie algebras (see Table 2). 
5. Mean convex half-flat structures on nilmanifolds
In [8], a classification up to isomorphism of 6-dimensional real nilpotent Lie alge-
bras admitting half-flat structures was given. The non-abelian ones are twenty three
and they are listed in Table 1. So, in order to classify nilpotent Lie algebras admitting
a mean convex half-flat structure, we restrict our attention to this list. An explicit ex-
ample of mean convex half-flat structure on gi, i = 6, 7, 8, 10, 13, 15, 16, 22, 24, 25, 28,
29, 30, 31, 32, 33, is already given in Table 2. Therefore, we only need to prove
non-existence of mean convex half-flat structures on the remaining Lie algebras gi,
i = 4, 9, 11, 12, 14, 21, 27. By Theorem 4.1, we may immediately exclude the Lie al-
gebras gi, i = 4, 9, 12, since mean convex half-flat structures are in particular mean
convex closed SL(3,C)-structures.
For the remaining Lie algebras gi, i = 11, 14, 21, 27, whose first Betti number is
3 or 4, we first collect some necessary conditions to the existence of mean convex
closed SU(3)-structures (ω, ρ) in terms of a filtration of Jρ-invariant subspaces Ui of
g∗, and then, by working in an SU(3)-adapted basis, we exhibit further obstructions.
Let us start by defining the filtration {Ui} as in [7]. Let (ω, ρ) be an SU(3)-
structure on a 6-dimensional nilpotent Lie algebra g and let (g, Jρ) be the induced
almost Hermitian structure on g. By nilpotency there exists a basis
(
α1, . . . , α6
)
of g∗
such that, if we denote Vj :=
〈
α1, . . . , αj
〉
, then dVj ⊂ Λ2Vj−1 and, by construction,
0 ⊂ V1 ⊂ . . . ⊂ V5 ⊂ V6 = g∗. We notice that the basis (ei) whose corresponding
structure equations are given in Table 1 satisfies the previous conditions and Vi =
ker d when b1(g) = i. In the following, we consider Vi =
〈
e1, . . . , ei
〉
. As in [7], let
Uj := Vj∩JρVj be the maximal Jρ-invariant subspace of Vj for each j. Then, since Jρ
is an automorphism of the vector space g, a simple dimensional computation shows
that dimR U2, dimR U3 ∈ {0, 2}, dimR U4 ∈ {2, 4} and dimR U5 = 4. Note that the
filtration {Ui} depends on Vi and the almost complex structure Jρ.
We can prove the following
Lemma 5.1. Let ρ be a mean convex closed SL(3,C)-structure on a nilpotent Lie
algebra g. If g is isomorphic to
g11 = (0, 0, 0, e
12, e14, e15 + e23 + e24) or g14 = (0, 0, 0, e
12, e13, e14 + e35),
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then U3 = U4. If g is isomorphic to
g21 = (0, 0, 0, e
12, e13, e14 + e23) or g27 = (0, 0, 0, 0, e
12, e14 + e25),
then dimR U2 = 2, or equivalently
〈
e1, e2
〉
is Jρ-invariant. Moreover, on g21, up to
isomorphism, we also have dimR U4 = 4.
Proof. On each Lie algebra gi, i = 11, 14, 21, 27, we consider the generic closed 3-form
ρ =
∑
i<j<k
pijk e
ijk, pijk ∈ R
and we impose λ(ρ) < 0 and the mean convex condition. First, by a direct com-
putation on each Lie algebra, we determine the expression of λ(ρ) in terms of the
coefficients pijk and a basis of (1, 0)-forms with respect to Jρ. Then we exclude the
cases where either λ(ρ) ≥ 0 or the matrix (βmn) associated to dρˆ is not positive
semi-definite. As in the proof of Theorem 4.1 we first extract a basis of (1, 0)-forms
from the set of generators {ζi} and we use (4.1) to compute (βmn) in terms of pijk.
We shall give all the details for the Lie algebra g11. For the other cases the compu-
tations are similar and we only report the necessary conditions on pijk. The generic
closed 3-form ρ on the Lie algebra g11 has
λ(ρ) =(p126p236 − p126p146 − p135p246 + p145p236 + p146p235 − p146p245 + p234p246
− p235p245)2 + 4p246(p123p236p246 − p123p2246 − p124p2236 + p124p236p246
+ 2p125p146p236 − p125p146p246 + p125p235p236 − p125p235p246 − p134p235p246
+ p134p236p245 − p125p146p246 + p135p234p246 − p135p235p245 + p145p146p235
+ p145p
2
235 − p145p234p236) + 4p146p236(−p125p236 + p135p235 − p145p235).
Then we have the following possibilities:
(a) p246 6= 0, p246 6= p236. Then
(
e1 − iJρe1, e2 − iJρe2, e3 − iJρe3
)
is a basis for
Λ1,0g∗11, but (βmn) being positive semi-definite implies λ(ρ) = 0, a contradic-
tion.
(b) p246 = 0, p236 6= 0, p146 6= 0. Taking
(
e1 − iJρe1, e2 − iJρe2, e5 − iJρe5
)
as a
basis for Λ1,0g∗11, again we find that (βmn) being positive semi-definite implies
λ(ρ) = 0.
(c) p246 = p236 = 0, or p246 = p146 = 0, but then λ(ρ) ≥ 0.
(d) p236 = p246 6= 0. In particular this implies that V2 =
〈
e1, e2
〉
is Jρ-invariant,
i.e., dimR U2 = 2. Notice also that, since Jρe
3(e6) = 0 if and only if p236 = 0,
we also have that V4 =
〈
e1, e2, e3, e4
〉
is not Jρ-invariant, hence U2 = U3 = U4.
By a very similar discussion, one can show that a generic mean convex closed
SL(3,C)-structure ρ on g14 must have p245 = 0 and p356 6= 0. In particular, since
Jρe
1, Jρe
3 ∈ 〈e1, e3〉, we have dimR U3 = 2. Moreover, Jρe2(e6) 6= 0, hence dimR U2 =
0 and U3 = U4.
Analogously, every mean convex closed SL(3,C)-structure ρ on g21 must have
p345 = 0. This implies that V2 and V4 are Jρ-invariant, so that dimR U2 = 2,
dimR U4 = 4 and U2 = U3.
Finally, a mean convex closed SL(3,C)-structure ρ on g27 must have p345 = 0. In
particular this implies that V2 is Jρ-invariant so that U2 = U3. 
The main result of this section is the following
Theorem 5.2. A nilmanifold M = Γ\G has an invariant mean convex half-flat
structure if and only if the Lie algebra g of G is isomorphic to any of the Lie algebras
gi, i = 6, 7, 8, 10, 13, 15, 16, 22, 24, 25, 28, 29, 30, 31, 32, 33, as listed in Table 1.
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Proof. Starting from the classification of half-flat nilpotent Lie algebras given in [8],
we divide the discussion depending on the first Betti number b1 of g.
When b1(g) = 2, the claim follows directly by Theorem 4.1. In particular we
have seen that g4 cannot admit mean convex closed SL(3,C)-structures and, for the
remaining Lie algebras g6, g7 and g8 from Table 1, we provide an explicit example in
Table 2 on the respective Lie algebras. We note that these examples on g6, g7 and
g8 are double.
Analogously, when b1(g) = 3, an explicit example of mean convex half-flat struc-
ture on gi, i = 10, 13, 15, 16, 22, 24, is given in Table 2. By Theorem 4.1, we may
exclude the existence of mean convex half-flat structures on g9 and g12. For the
remaining Lie algebras gi, i = 11, 14, 21, let (ω, ρ) be a mean convex half-flat struc-
ture on gi. Then, by Lemma 5.1, with respect to the fixed nilpotent filtration
Vi =
〈
e1, . . . , ei
〉
, we may assume dimR U3 = 2. Using this and the information on
U4 we collected in Lemma 5.1, we shall show that on the three Lie algebras there ex-
ists an adapted basis (f i) with dual basis (fi) such that df
1 = df2 = 0 and f6 ∈ ξ(gi),
where by ξ(gi) we denote the center of gi.
To see this, let us consider the case of g21, first. Then we may assume dimR U4 = 4.
This occurs if and only if V4 = JρV4. In particular, we may choose a g-orthonormal
basis
(
f1, f2
)
of U3 such that Jρf
1 = −f2, take f3, f4 ∈ U⊥3 ∩ U4 of unit norm
such that Jρf
3 = −f4, and complete it to a basis for g∗21 by choosing f5 ∈ U⊥4 ∩ V5
and f6 ∈ U⊥4 ∩ JρV5 of unit norm such that Jρf5 = −f6. Then, by construction,(
f1, . . . , f6
)
is an adapted basis for the SU(3)-structure (ω, ρ). In particular, since
V5 =
〈
f1, f2, f3, f4, f5
〉
, the inclusion dVj ⊂ Λ2(Vj−1) implies f6 ∈ ξ(g21). There-
fore, since f1, f2 ∈ V3 = ker d, we have df1 = df2 = 0.
Now we consider g11 and g14. By Lemma 5.1, we can assume dimR U4 = 2 for
both Lie algebras. As shown in [7], since U4, V3 ⊂ V4, we have dimR(U4 ∩ V3) ≥ 1
and we may take
(
f1, f2
)
to be a unitary basis of U4 with f
1 ∈ V3. Then, since U3 ⊂
V3 = ker d, we may suppose df
1 = df2 = 0. Analogously, since dimR(V4 ∩ JρV5) ≥ 3
and U5 ∩ V4 = V5 ∩ JρV5 ∩ V4 = V4 ∩ JρV5, then dimR(U5 ∩ V4) ≥ 3, from which
dimR(U5 ∩ V4 ∩ U⊥4 ) ≥ 1 follows. Then we may take
(
f3, f4
)
to be a unitary basis
of U⊥4 ∩ U5 with f3 ∈ V4. Finally, since dimR(U⊥5 ∩ V5) ≥ 1, we may take a unitary
basis
(
f5, f6
)
of U⊥5 with f5 ∈ V5. By construction,
(
f1, f2, . . . , f6
)
is an adapted
basis for (ω, ρ). In particular, since U5 ⊂ V5, we also have V5 =
〈
f1, f2, f3, f4, f5
〉
,
which implies f6 ∈ ξ(gi). for i = 11, 14. This proves our claim.
Now, we shall show that the three Lie algebras gi, i = 11, 14, 21, do not admit
any mean convex half-flat structures. By contradiction, let us suppose there exists a
nilpotent Lie algebra g endowed with a mean convex half-flat structure (ω, ρ) which
is isomorphic to g11, g14 or g21. By the previous discussion, without loss of generality,
we may assume that there exists an adapted basis (f i), i.e. satisfying
ω = f12 + f34 + f56, ρ = f135− f146− f236− f245, ρˆ = f136 + f145 + f235− f246,
and such that df1 = df2 = 0, f6 ∈ ξ(g). In particular, g has structure equations
df1 = df2 = 0, dfk = −
5∑
i<j
i,j=1
ckijf
ij , k = 3, 4, 5, 6.
By imposing the unimodularity of g, i.e.
∑
j c
j
ij = 0, for all i = 1, . . . , 6, and that
(ω, ρ) is half-flat, we can show by a direct computation that, if c534 6= 0, then the
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Jacobi identities d2f i = 0, i = 3, . . . , 6, are equivalent to the conditions
c415 = c
4
25 = c
3
25 = c
6
15 = c
4
13 = c
4
14 = c
3
13 = c
3
23 = c
3
24 = 0,
which imply b1(g) ≥ 4, so we can exclude this case. Then we must have c534 = 0.
Let us assume c612 6= 0. Again a straightforward computation shows that d2f6 = 0
implies
c325 = c
4
25 = c
4
15 = 0, c
3
13 = −c414, c323 = −c413 − c615.
Now let us look at the mean convex condition. Since we are working in the adapted
basis (f i), using (4.1) we obtain that the matrix (βmn) associated to dρˆ, with respect
to the basis (ξ1 = f1 + if2, ξ2 = f3 + if4, ξ3 = f5 + if6), is given by0 0 00 0 c615 − i(c324 + c414)
0 c615 + i(c
3
24 + c
4
14) −c514 − c613 + c624 − c523
 .
Therefore dρˆ is semipositive if and only if c615 = 0, c
3
24 = −c414 and −c514 − c613 +
c624 − c523 > 0. In particular, c615 = 0 and c324 = −c414 imply that the Jacobi identities
hold if and only if c413 = c
4
14 = 0. However, this also implies df
3 = df4 = 0 so that
b1(g) ≥ 4 and we have to discard this case as well. Therefore c534 = c612 = 0 and, as
a consequence,
df3 =− c313f13 − (c413 + c615)f14 − c425f15 − c323f23 − c324f24 − c325f25,
df4 =− c413f13 − c414f14 − c415f15 − c313f23 − (c413 + c615)f24 − c425f25,
df5 =− (c614 + c623 + c524)f13 − c514f14 + (c414 + c313)f15 − c523f23 − c524f24
+ (c323 + c
4
13 + c
6
15)f
25,
df6 =− c613f13 − c614f14 − c615f15 − c623f23 − c624f24 − (c324 − c313)f25.
(5.1)
In particular, f12 is a non-exact 2-form belonging to Λ2(ker d) such that f12∧dg∗ = 0.
On the other hand, a simple computation shows that for any Lie algebra gi, for
i = 11, 14, 21, a 2-form α ∈ Λ2(ker d) such that α ∧ dg∗i = 0 is necessarily exact, so
we get a contradiction. This concludes the non-existence part of the proof in the
case b1 = 3.
Now we consider the remaining case b1(g) ≥ 4. An explicit example of mean
convex half-flat structure on gi, i = 25, 28, 29, 30, 31, 32, 33, is given in Table 2.
Then, we only need to prove the non-existence of mean convex half-flat structures
on g27.
Let (ω, ρ) be a mean convex half-flat structure on g27. We claim that on g27
there exists an adapted basis (f i) such that df1 = df2 = df3 = 0 and f6 ∈ ξ(g27).
By Lemma 5.1, we can assume U2 = U3 with dimR U3 = 2. We recall that U4
has dimension 2 or 4. Let us suppose dimR U4 = 4, first. We note that in this
case the existence of an adapted basis (f i) for (ω, ρ) such that f6 ∈ ξ(g27) and
V4 = U4 =
〈
f1, f2, f3, f4
〉
follows from the previous discussion on g21, where we
only used dimR U2 = 2 and dimR U4 = 4. In particular, since V4 = ker d on g27, in
this case we also have df1 = df2 = df3 = df4 = 0. When dimR U4 = 2 instead, since
U2 = U3 = U4, the discussion is the same as for g11 and g14, where we only used
U3 = U4 to find an adapted basis such that df
1 = df2 = 0 and f6 lying in the center.
In particular, since by construction f1, f2, f3 ∈ V4, on g27 we also have df3 = 0, since
V4 = ker d. This proves our claim on g27. Now, using this claim we shall show that
g27 does not admit any mean convex half-flat structures. Like in the previous cases,
by contradiction, let us suppose there exists a nilpotent Lie algebra g isomorphic to
g27 admitting a mean convex half-flat structure (ω, ρ). Then we may assume that
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there exists on g an adapted basis (f i) for (ω, ρ) such that df1 = df2 = df3 = 0 and
V5 =
〈
f1, f2, f3, f4, f5
〉
, so that f6 ∈ ξ(g). Then
dfk = −
5∑
i<j
i,j=1
ckijf
ij , k = 4, 5, 6.
By imposing the unimodularity of g and that (ω, ρ) is half-flat, we get
df4 =c615f
13 − c414f14 − c415f15,
df5 =c534f
12 − (c524 + c614 + c623)f13 − c514f14 + c414f15 − c523f23
− c524f24 − c534f34,
df6 =− c612f12 − c613f13 − c614f14 − c615f15 − c623f23 − c624f24 + c612f34.
(5.2)
Since b1(g) = 4, there should exist a closed 1-form linearly independent from f
1, f2
and f3. Moreover, since ker d = V4 ⊂ V5 =
〈
f1, f2, f3, f4, f5
〉
, the matrix C associ-
ated to
d :
〈
f4, f5
〉→ Λ2V5 = Λ2 〈f1, f2, f3, f4, f5〉
must have rank equal to 1. This is equivalent to requiring that C is not the zero
matrix and all the 2× 2 minors of C vanish. After eliminating all the zero rows, we
have
C =

0 c534
c615 −c524 − c614 − c623
−c414 −c514
−c415 c414
0 −c523
0 −c524
0 −c534

.
By using that (f i) is an adapted basis and (4.1), we get
(βmn) =
0 0 00 c415 c615 − ic414
0 c615 + ic
4
14 −c514 − c613 + c624 − c523
 .
Let us suppose c415 = 0. Then (βmn) being positive semi-definite implies c
4
14 = c
6
15 =
0, from which it follows that g is 2-step nilpotent, so that we can discard this case
since g27 is 3-step nilpotent. Thus, we have to impose c
4
15 6= 0. As a consequence,
d2f i = 0, i = 4, 5, 6, if and only if c524 = c
5
34 = c
6
24 = c
5
23 = c
6
12 = 0, from which it
follows that b1(g) = 4 holds if and only if
c514 = −
c414
c415
, c614 =
c414c
6
15 − c415c623
c415
.
Then g must have structure equations
df1 =df2 = df3 = 0,
df4 =c615f
13 − c414f14 − c415f15,
df5 =− c
4
14c
6
15
c415
f13 +
(c414)
2
c415
f14 + c414f
15,
df6 =− c613f13 −
c414c
6
15 − c415c623
c415
f14 − c615f15 − c623f23.
(5.3)
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Note that, by (5.3), g has the same central and derived series as g27 and, if c
6
23 = 0,
g is almost abelian, so it cannot be isomorphic to g27. Thus we can suppose c
6
23 6= 0.
By [8], a 6-dimensional 3-step nilpotent Lie algebra having b1 = 4 and admitting a
half-flat structure must be isomorphic to either g25 or g27. In addition, b2(g25) = 6,
while b2(g27) = 7. We shall show that we cannot have b2(g) = 7 and so we shall get a
contradiction. To this aim we need to compute the space Z2 of closed 2-forms. By a
direct computation using (5.3) and c623 6= 0, it follows that dimZ2 = dim Λ2V4+2 = 8.
Therefore, in order to get b2(g) = 7, we have to require that the space B
2 of exact
2-forms is one-dimensional. This is equivalent to asking that the linear map
d|〈f4,f5,f6〉 :
〈
f4, f5, f6
〉→ Λ2g∗,
has rank equal to 1. Let us denote by E the matrix associated to d|〈f4,f5,f6〉 in the
induced basis (f ij) of Λ2g∗. Eliminating all the zero rows, one has
E =

c615 −
c414c
6
15
c415
−c613
−c414
(c414)
2
c415
−c
4
14c
6
15 − c415c623
c415−c415 c414 −c615
0 0 −c623
 .
Then E has rank 1 if and only if E is not the zero matrix and all the 2× 2 minors of
E vanish. Notice that the minor c623c
4
15 is different from zero, since we have already
excluded both cases c623 = 0 and c
4
15 = 0. Then g cannot be isomorphic to g27 and
we obtain a contradiction. This concludes the case b1 ≥ 4 and the proof of the
theorem. 
Remark 5.3. By Theorem 5.2, we notice that, on a 6-dimensional nilpotent Lie
algebra g with b1(g) = 2, whenever a mean convex half-flat SU(3)-structure exists,
a double example can also be found. This is not true for different values of the first
Betti number.
Under the hypothesis of exactness, we can prove the following
Theorem 5.4. Let g be a 6-dimensional nilpotent Lie algebra admitting an exact
mean convex SL(3,C)-structure. Then g is isomorphic to g18 or g28. Moreover, up
to a change of sign, every exact definite 3-form ρ on g18 and g28 is mean convex,
and g28 is the only nilpotent Lie algebra admitting mean convex coupled structures,
up to isomorphism.
Proof. Among the 6-dimensional nilpotent Lie algebras admitting half-flat struc-
tures, as shown in the proof of [19, Theorem 4.1], the only Lie algebras that can
admit exact SL(3,C)-structures are isomorphic to g4, g9 or g28. Therefore, by The-
orem 4.1, g28 is the only nilpotent Lie algebra among them which can admit a mean
convex structure. In particular, a coupled mean convex structure on g28 is given in
Table 2. This example was first found in [19], up to a change of sign of the definite
3-form. For the remaining nilpotent Lie algebras gi, for i = 3, 5, 17, 18, 19, 20, 23, 26,
which can admit mean convex SL(3,C)-structures by Theorem 4.1, we prove that
g18 is the only one that admits exact definite 3-forms. To see this, let (e
j) be the
basis of g∗i as listed in Table 1. Then the generic exact 3-form ρ on gi is given by dη,
where
η =
∑
i<j
pije
ij , pij ∈ R. (5.4)
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By an explicit computation, one can show that, on gi, for i = 3, 17, 19, 23, 26, λ(ρ) =
0, while, on g5 and g20, λ(ρ) = p
4
56 > 0. Finally, on g18, λ(ρ) = −4p456. Then, if
p56 6= 0, ρ = dη is a definite 3-form on g18. Moreover, (e1−iJρe1, e3−iJρe3, e5−iJρe5)
is a basis for Λ1,1g∗18 and, with respect to this basis, the matrix (βmn) associated
to the (2, 2)-form dρˆ is diag(0, 0,−4p56). Then, when p56 < 0, ρ is mean convex,
otherwise −ρ is. By a direct computation one can check that the same conclusions
hold also for g28. In particular, the generic exact 3-form ρ = dη, with η as in (5.4), is
definite as long as p56 6= 0. Moreover, (e1− iJρe1, e3− iJρe3, e5− iJρe5) is a basis of
Λ1,1g∗28, for every exact definite ρ and, with respect to this basis, the matrix (βmn)
associated to the (2, 2)-form dρˆ is diag(0, 0,−4p56). 
6. Hitchin flow equations
In this section we study the mean convex property in relation to the Hitchin flow
equations (3.3). We recall that the solution (ω(t), ρ(t)) of (3.3) starting from a half-
flat structure remains half-flat as long as it exists. However, the same does not
happen in general for special classes of half-flat structures. Then, a natural question
is whether the Hitchin flow equations preserve the mean convexity of the initial data
(ω(0), ρ(0)). A first example of solution preserving the mean convex condition of the
initial data, up to change of sign of ρ(0), was found in [20, Proposition 5.4]. In this
case the initial structure is coupled.
More generally, when the Hitchin flow solution (ω(t), ρ(t)) preserves the coupled
condition of the initial data, then ρ(t) = f(t)ρ(0), where f : I → R is a non-zero
smooth function with f(0) = 1 (for more details see [20, Proposition 5.2]). Then, a
coupled solution preserves the mean convexity of the initial data as long as it exists.
Some further remarks can be made in other special cases. If (ω(t), ρ(t)) is a
solution of (3.3) starting from a strictly mean convex half-flat structure (ω, ρ), by
continuity the solution remains mean convex, at least for small times. This occurs,
for instance, for double structures. In particular cases, the mean convex property of
the double initial data is preserved for all times:
Proposition 6.1. Let M be a connected 6-manifold endowed with a double structure
(ω, ρ). If (ω(t), ρ(t)) is a double solution of (3.3) defined on some I ⊆ R, 0 ∈ I,
i.e. dρˆ(t) = ν0(t)ω
2(t) for each t ∈ I for some smooth nowhere vanishing function
ν0 : I → R, then there exists a nowhere vanishing smooth function f : I → R such
that ω(t) = f(t)ω(0). Conversely, if (ω(t), ρ(t)) is a solution of (3.3) with ω(t) =
f(t)ω(0), then it is a double solution.
Proof. Let (ω(t), ρ(t)) be a solution with ω(t) = f(t)ω(0). From (3.3) one gets
dρˆ(t) = −1
2
∂
∂t
(
ω(t)2
)
= −1
2
∂
∂t
(
f2(t)ω(0) ∧ ω(0)) = −f(t)f˙(t)ω(0)2.
Then ω(t) = f(t)ω(0) is a double solution with ν0(t) = − ddt ln f(t). Conversely, if
dρˆ(t) = ν0(t)ω(t)
2, then
∂
∂t
ω(t) ∧ ω(t) = −dρˆ(t) = −ν0(t)ω(t)2.
Since the wedge product with ω(t) is injective on 2-forms, this is equivalent to
∂
∂tω(t) = −ν0(t)ω(t), whose unique solution is ω(t) = f(t)ω(0), with f(t) = e−
∫ t
0 ν0(s)ds.

We now provide an explicit example of double solution to (3.3) and show that a
double solution with double initial data may not exist.
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Example 6.2. Consider the double SU(3)-structure (ω, ρ) given in Table 2 on g24.
The solution of the Hitchin flow equations with initial data (ω, ρ) is double and it is
explicitly given by
ω(t) =
(
1− 5
2
t
) 1
5
ω,
ρ(t) = −
(
1− 5
2
t
) 6
5
e123 + e145 + e246 + e356.
In particular dρˆ(t) = ν0(t)ω
2(t) with ν0(t) = (2−5t)−1 > 0 for each t in the maximal
interval of definition I = (−∞, 25). Consider now the double SU(3)-structure (ω, ρ)
given in Table 2 on g6. The solution of the Hitchin flow equation with initial data
(ω, ρ) is given by
ω(t) = f1(t)
(
e15 − e24)− f2(t)e36,
ρ(t) = h1(t)e
123 + (h2(t)− 1) e134 − e146 − e235 + e256 − e345 + h2(t)e126,
where f1(t), f2(t), h1(t), h2(t) satisfy the following autonomous ode system:
f˙1 =
1
2f31 f2
(2h2 − 1) ,
f˙2 = − 12f41 f2 (2f1 + f2 (2h2 − 1)) ,
h˙1 = −2f1,
h˙2 = −f2,
with initial conditions f1(0) = f2(0) = h1(0) = 1, h2(0) = 0, which, by known
theorems, admits a unique solution with given initial data. In particular, this solution
is not a double solution. A direct computation shows that the eigenvalues λi(t) of
the matrix (βmn(t)) associated to dρˆ(t) are
λ1 = λ2 =
√
−h22 + h1 + h2, λ3 = (1− 2h2)
√
−h22 + h1 + h2.
In particular the mean convex property is preserved for small times as expected.
To our knowledge, the question of whether the Hitchin flow preserves the mean
convexity of the initial data when the (2, 2)-form is not positive but just semi-positive
is still open. Nonetheless, some easy considerations can be made in order to ob-
tain a better understanding of the problem. Let M be a compact real analytic 6-
dimensional manifold endowed with a half-flat mean convex SU(3)-structure (ω, ρ).
Since the unique solution of (3.3) starting from (ω, ρ) is a one-parameter family of
half-flat structures (ω(t), ρ(t)), we can write
dρˆ(t) = (ν0(t)ω(t)− ν2(t)) ∧ ω(t),
where ν0(t) ∈ C∞(M) and ν2(t) ∈ Λ1,10 M is a primitive (1, 1)-form with respect to
Jρ(t) for each t ∈ I, where I is the maximal interval of definition of the flow. Then
dρˆ(t) ∧ ω(t) = ν0(t)ω(t)3 and, since ν0(0) > 0 by the mean convexity of the initial
data, by continuity we have ν0(t) > 0 at least for small times. By (3.3), as long as
ν0(t) > 0, the volume form ω(t)
3 is pointwise decreasing:
∂
∂t
(ω(t)3) =
∂
∂t
(ω(t)2) ∧ ω(t) + ∂
∂t
ω(t) ∧ ω(t)2 = −3dρˆ(t) ∧ ω(t) = −3ν0(t)ω(t)3.
Moreover, ω(t)2 is a positive (2, 2)-form with respect to Jρ(t) for all t ∈ I and, from
the second equation in (3.3), we know that −∂t(ω2(t)) remains a (2, 2)-form with
respect to Jρ(t) for each t ∈ I such that −∂t(ω2(t))
∣∣
t=0
= 2dρˆ(0) is semi-positive.
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Then the Hitchin flow solution preserves the mean convexity of the initial data if
and only if −∂t(ω2(t)) = 2dρˆ(t) remains semi-positive. The essential difficulty in this
problem lies in the fact that the link between the positivity of ω2(t) and the mean
convexity of the initial data is not sufficient to ensure the mean convexity of the
solution since also the almost complex structure evolves in a non-linear way under
the equation ∂t(ρ(t)) = dω(t). Let us look at the behaviour of (3.3) on a specific
example.
Example 6.3. Consider the mean convex half-flat structure (ω, ρ) given in Table 2
on g25 and consider the family of solutions to the second equation in (3.3), starting
from (ω, ρ):
ω(t) = −a1(t)e13 + 1
a2(t)
e45 + a2(t)e
26,
ρ(t) = e156 + b1(t)e
124 − e235 − e346 + b2(t)(e125 − e234),
where a1(t), a2(t), b1(t), b2(t) satisfy the following ode system:{
a˙1 = − 12a1a2
(
2a22b2 + 1
)
,
a˙2 =
1
2a21
(
2a22b2 − 1
)
,
(6.1)
subject to the normalization condition
√
b1 − b22 = a1, with initial data a1(0) =
a2(0) = b1(0) = 1, b2(0) = 0. This system defines a family of solutions to
1
2∂t(ω(t)
2) =
−dρˆ(t) depending on b2(t). Then, if b2(t) = a1(t)− 1, for instance, dρˆ(t) is not semi-
positive, at least for small times t > 0. Anyway, the unique solution to (3.3) starting
from (ω, ρ), given by (6.1) together with{
b˙1 = − 1a2 ,
b˙2 = a2,
preserves the mean convexity of the initial data.
By a direct computation, one can show that the mean convexity of the initial data
is preserved by (3.3), for small times, also in all the other examples of half-flat mean
convex structures given in Table 2.
7. Tamed closed SL(3,C)-structures
A closed SL(3,C)-structure ρ is called tamed if there exists a symplectic form
Ω taming Jρ, i.e. if ω := Ω
1,1 is positive. As already observed in [13], compact
6-manifolds cannot admit tamed mean convex SL(3,C)-structures.
Notice that, if we denote as usual ρˆ = Jρρ, when the normalization condition
ρ∧ ρˆ = 23ω3 is satisfied and dω = 0, then the pair (ω, ρ) defines a symplectic half-flat
structure.
In this section we study the existence of invariant tamed closed SL(3,C)-structures
on solvmanifolds. Since the structures are invariant we can work as in the previous
sections at the level of solvable unimodular Lie algebras.
Theorem 7.1. Let Γ\G be a 6-dimensional solvmanifold, not a torus. Then Γ\G
admits an invariant tamed closed SL(3,C)-structure if and only if the Lie algebra g
of G has symplectic half-flat structures.
If g is nilpotent, then it is isomorphic to g24 or g31 as listed in Table 1.
If g is solvable, then it is isomorphic to one among g06,38, g
0,−1
6,54 , g
0,−1,−1
6,118 , e(1, 1)⊕
e(1, 1), A−1,β,−β5,7 , A
α,−α,1
5,17 ⊕ R, as listed in Table 3.
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Moreover, all the eight Lie algebras admit closed SL(3,C)-structures tamed by a
symplectic form Ω such that dΩ1,1 6= 0.
Proof. First we prove the theorem in the nilpotent case. 6-dimensional symplec-
tic nilpotent Lie algebras were classified in [23] (see also [40]) and their struc-
ture equations are listed in Table 1. For any such Lie algebra we consider a pair
(ρ,Ω) ∈ Λ3g∗i × Λ2g∗i explicitly given by
ρ =
∑
i<j<k
pijk e
ijk, Ω =
∑
r<s
hrs e
rs,
where pijk, hrs ∈ R, and impose the two conditions dρ = 0 and dΩ = 0, which are
both linear in the coefficients pijk, hrs. Then Ω is a symplectic form provided that
it is non-degenerate, i.e. Ω3 6= 0. By [14, Lemma 3.1], a real Lie algebra g endowed
with an almost complex structure J such that Jξ(g) ∩ [g, g] 6= {0}, ξ(g) being the
center of g, cannot admit a symplectic form Ω taming J . If we assume λ(ρ) < 0, we
may then apply this result on each gi by considering the almost complex structure
Jρ induced by ρ. We notice that, for any gi listed in Table 1, e6 ∈ ξ(gi). A direct
computation on each gi for i = 3, 4, 5, 6, 7, 8, 9, 10, 13, 18, 19, 20, 28, 29, 30, shows that
Jρe6 ∈ [gi, gi], for any Jρ induced by a closed 3-form ρ. On gi, for i = 23, 26, 33, the
same obstruction holds since an explicit computation shows that the map
pi ◦ Jρ : ξ(gi)→ gi,
has non-trivial kernel, where pi denotes the projection onto gi/[gi, gi]. This means
that, for each ρ, one can find a non-zero element in the center of gi whose image
under Jρ lies entirely in [gi, gi]. For all the other cases, let Ω = Ω
1,1 + Ω2,0 + Ω0,2 be
the decomposition of Ω in types with respect to Jρ, and denote by ω the (1, 1)-form
Ω1,1 := 12 (Ω + JρΩ). Then, in order to have a closed SL(3,C)-structure tamed by Ω
we have to require that ω is positive, i.e., that the symmetric 2-tensor g := ω(·, Jρ·) is
positive definite. Denote by gij := g(ei, ej) the coefficients of g with respect the dual
basis (e1, . . . , e6) of g. Then, a direct computation on gi, for i = 11, 12, 21, 22, 27,
shows that g66 always vanishes, so we may discard these cases as well. We may
then restrict our attention to the remaining Lie algebras g24 and g31. Since, as
shown in [10, Theorem 2.4], these are the only 6-dimensional non-abelian nilpotent
Lie algebras carrying a symplectic half-flat structure. Explicit examples of closed
SL(3,C)-structures tamed by a symplectic form Ω such that dΩ1,1 6= 0 are given by
ρ = −e125−e146−e156−e236−e245−e345−e356, Ω = e13+ 1
2
e14−1
2
e24+e26+e35+e36,
on g24, and by
ρ = e123 + 2e145 + e156 + e235 + e246 + e345, Ω = e16 − e25 − e34 + e36,
on g31. This proves the first part of the theorem.
Using the classification results in [30, Th. 2] for 6-dimensional symplectic uni-
modular (non-nilpotent) solvable Lie algebras, for each Lie algebra one can compute
the metric coefficients gij of g with respect to the basis (e1, . . . , e6) for g as listed
in Table 3. It turns out that, if g is one among g0,−16,3 , g
0,0
6,10, g
−1, 1
2
,0
6,13 , g
1
2
,−1,0
6,13 , g
0
6,21,
g0,06,36, g6,78, A
−1
5,8 ⊕R, A−1,0,γ5,13 , A05,14 ⊕R, A−15,15 ⊕R, A0,0,γ5,17 ⊕R, A05,18 ⊕R, A−1,25,19 ⊕R,
A5,36 ⊕R or A5,37 ⊕R, each closed definite 3-form ρ induces a Jρ such that g11 = 0.
In a similar way, if g is g−16,15 or g
−1,−1
6,18 , then g44 = 0, while when g is n
±1
6,84, e(2)⊕R3
or e(1, 1) ⊕ R3, g33 = 0. Finally, when g = e(1, 1) ⊕ h, then g66 = 0. In some other
cases g cannot ever be positive definite since, for each closed ρ inducing an almost
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complex structure Jρ, grr = −gkk for some r 6= k. In particular, when g = g0,06,70,
then g11 = −g22, when g = e(2)⊕ e(2), then g55 = −g66, and when g is e(2)⊕ e(1, 1)
or e(2) ⊕ h, then g22 = −g33. As shown in [17, Prop. 3.1, 4.1 and 4.3], for the
remaining Lie algebras g06,38, g
0,−1
6,54 , g
0,−1,−1
6,118 , e(1, 1)⊕e(1, 1), A−1,β,−β5,7 , Aα,−α,15,17 ⊕R as
listed in Table 3, a symplectic half-flat structure always exists. Moreover, on these
Lie algebras, an explicit example of closed SL(3,C)-structure tamed by a symplectic
form Ω such that dΩ1,1 6= 0 is given Table 3. 
Remark 7.2. (1) By [17, Remarks 3.2 and 4.4], the solvable Lie groups cor-
responding to each solvable Lie algebra admitting closed tamed SL(3,C)-
structures admit compact quotients by lattices (for further details see [3, 15,
42, 43]).
(2) As shown in [13], given an SL(3,C)-structure ρ tamed by a 2-form Ω on a
real 6-dimensional vector space V , the 3-form
ϕ = ρ+ Ω ∧ dt,
defines a G2- structure on V ⊕R. Therefore, as an application of Theorem 7.1,
we classify decomposable solvable Lie algebras of the form g ⊕ R admitting
a closed G2-structure. In particular, in the nilpotent case, this result was
already obtained in [9].
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Appendix
Table 1 contains the isomorphism classes of 6-dimensional real nilpotent Lie al-
gebras gi, i = 1, . . . , 34, including their first Betti numbers and an indication of
whether they admit half-flat structures and symplectic forms. In Table 2 we give
an explicit example of mean convex closed SU(3)-structure, indicating which ones
are half-flat. Table 3 contains all 6-dimensional symplectic solvable (non-nilpotent)
unimodular Lie algebras, specifying which admit tamed closed SL(3,C)-structures.
An explicit example of a closed tamed SL(3,C)-structure is also included.
Table 1. 6-dimensional real nilpotent Lie algebras
g Structure constants b1(g) Half-flat Symplectic
g1 (0, 0, e
12, e13, e14 + e23, e34 − e25) 2 – –
g2 (0, 0, e
12, e13, e14, e34 − e25) 2 – –
g3 (0, 0, e
12, e13, e14, e15) 2 – 3
g4 (0, 0, e
12, e13, e14 + e23, e24 + e15) 2 3 3
g5 (0, 0, e
12, e13, e14, e23 + e15) 2 – 3
g6 (0, 0, e
12, e13, e23, e14) 2 3 3
g7 (0, 0, e
12, e13, e23, e14 − e25) 2 3 3
g8 (0, 0, e
12, e13, e23, e14 + e25) 2 3 3
g9 (0, 0, 0, e
12, e14 − e23, e15 + e34) 3 3 3
g10 (0, 0, 0, e
12, e14, e15 + e23) 3 3 3
g11 (0, 0, 0, e
12, e14, e15 + e23 + e24) 3 3 3
g12 (0, 0, 0, e
12, e14, e15 + e24) 3 3 3
g13 (0, 0, 0, e
12, e14, e15) 3 3 3
g14 (0, 0, 0, e
12, e13, e14 + e35) 3 3 –
g15 (0, 0, 0, e
12, e23, e14 + e35) 3 3 –
g16 (0, 0, 0, e
12, e23, e14 − e35) 3 3 –
g17 (0, 0, 0, e
12, e14, e24) 3 – –
g18 (0, 0, 0, e
12, e13 − e24, e14 + e23) 3 – 3
g19 (0, 0, 0, e
12, e14, e13 − e24) 3 – 3
g20 (0, 0, 0, e
12, e13 + e14, e24) 3 – 3
g21 (0, 0, 0, e
12, e13, e14 + e23) 3 3 3
g22 (0, 0, 0, e
12, e13, e24) 3 3 3
g23 (0, 0, 0, e
12, e13, e14) 3 – 3
g24 (0, 0, 0, e
12, e13, e23) 3 3 3
g25 (0, 0, 0, 0, e
12, e15 + e34) 4 3 –
g26 (0, 0, 0, 0, e
12, e15) 4 – 3
g27 (0, 0, 0, 0, e
12, e14 + e25) 4 3 3
g28 (0, 0, 0, 0, e
13 − e24, e14 + e23) 4 3 3
g29 (0, 0, 0, 0, e
12, e14 + e23) 4 3 3
g30 (0, 0, 0, 0, e
12, e34) 4 3 3
g31 (0, 0, 0, 0, e
12, e13) 4 3 3
g32 (0, 0, 0, 0, 0, e
12 + e34) 5 3 –
g33 (0, 0, 0, 0, 0, e
12) 5 3 3
g34 (0, 0, 0, 0, 0, 0) 6 3 3
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Table 2. Explicit examples of mean convex closed SU(3)-structures
g Mean convex closed SU(3)-structures Half-flat mean convex example
g3
ω = −e12 − e35 − e46
ρ = −54e136 + 54e145 − e156 − e234 − e236 + e245
–
g5
ω = −e12 − e35 − e46
ρ = 12e
134 − e156 − e236 + 2e245 –
g6
ω = e15 − e24 − e36
ρ = e123 − e134 − e146 − e235 − e256 − e345 3
g7
ω = −12e15 + 12e24 − 32e36
ρ = −34e123 + 13e134 − e146 + 112e235 − 14e256 + 34e345
3
g8
ω = e15 − e24 − 12e36
ρ = e123 − e134 − 12e146 − e235 − 12e256 − e345
3
g10
ω = −12e13 + e46 − e25
ρ = e124 − e145 + e156 − 12e234 − 12e236 + 12e345
3
g11
ω = 54e
13 + 283 e
24 + e25 − 8215e26 + 54e34 + e35 + e45 + 143 e46 + e56
ρ = 2e125 + e126 − 54e134 + e136 + e146 + e156 − e236 + e245 − e246
–
g13
ω = e13 + e46 + e25
ρ = −e124 + e145 + e156 + e234 − e236 − e345 3
g14
ω = e13 − e26 + e45
ρ = −e125 − e146 + e234 + e356 –
g15
ω = e15 + e34 − e26
ρ = e123 + e136 − e146 + e235 − e245 + e356 3
g16
ω = e13 + e26 − e45
ρ = 2e124 −
√
2
2 e
156 − e235 +
√
2
2 e
346
3
g17
ω = e12 + e34 + e56
ρ = −e135 + 2e146 + e236 + 12e245
–
g18
ω = e12 − e34 − e56
ρ = e135 −
√
5
2 e
146 +
√
5
2 e
236 + e245 + e246
–
g19
ω = −e12 + e34 − e56
ρ = e135 + e146 − e236 + e245 –
g20
ω = −e12 − e34 + e56
ρ = −e135 − e146 + e235 − e236 + e245 + e246 –
g21
ω = −e12 − e34 + e56
ρ = −2e136 + e145 + 12e235 + e246
–
g22
ω = e16 + e23 + e45
ρ = e124 − e135 − e256 − e346 3
g23
ω = e12 + e34 + e56
ρ = 2e136 + 12e
145 + e235 − e246 –
g24
ω = −e16 + e25 − e34
ρ = −e123 + e145 + e246 + e356 3
g25
ω = −e13 + e45 + e26
ρ = e156 + e124 − e235 − e346 3
g26
ω = e16 + e23 − e36 + e45
ρ = −2e124 + e135 + e146 − e234 + e256 –
g27
ω = −
√
3
2 e
12 − e45 + e36
ρ = e135 + e146 + e234 + e235 − e256 –
g28
ω = −e12 − e34 + e56
ρ = −e136 + e145 + e235 + e246 3
g29
ω = e13 + e24 − e56
ρ = e126 − e145 + e235 − e346 3
g30
ω = e13 − e24 + e56
ρ = e125 − e126 + e145 + e146 + e236 + e345 3
g31
ω = −e14 − e35 + e26
ρ = −e123 + e156 − e245 − e346 3
g32
ω = −√2e13 − e24 − e56
ρ = −e125 + e146 − e236 + 2e345 3
g33
ω = −e13 − e24 − e56
ρ = −e125 + e146 − e236 + e345 3
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Table 3. 6-dimensional unimodular symplectic non-nilpotent solv-
able Lie algebras
g Structure constants Tamed closed SL(3,C)-structure
g0,−16,3 (e
26, e36, 0, e46,−e56, 0) –
g0,06,10 (e
26, e36, 0, e56,−e46, 0) –
g
−1, 1
2
,0
6,13 (−12e16 + e23,−e26, 12e36, e46, 0, 0) –
g
1
2
,−1,0
6,13 (−12e16 + e23, 12e26,−e36, e46, 0, 0) –
g−16,15 (e
23, e26,−e36, e26 + e46, e36 − e56, 0) –
g−1,−16,18 (e
23,−e26, e36, e36 + e46,−e56, 0) –
g06,21 (e
23, 0, e26, e46,−e56, 0) –
g0,06,36 (e
23, 0, e26,−e56, e46, 0) –
g06,38 (e
23,−e36, e26, e26 − e56, e36 + e46, 0) ρ = −e
124 − e135 + e236 − e456
Ω = −2e16 + e23 − e25 + e34
g0,−16,54 (e
16 + e35,−e26 + e45, e36,−e46, 0, 0) ρ = e
125 − e136 + e246 + e345
Ω = e14 + e23 + e34 + 43e
56
g0,06,70 (−e26 + e35, e16 + e45,−e46, e36, 0, 0) –
g6,78 (−e16 + e25, e45, e24 + e36 + e46, e46,−e56, 0) –
g0,−1,−16,118 (−e16 + e25,−e15 − e26, e36 − e45, e35 + e46, 0, 0)
ρ = e126 + e135 + e145 − e245 + e346
Ω = e14 + e23 + e56
n±16,84 (−e45,−e15 − e36,−e14 + e26 ∓ e56, e56,−e46, 0) –
e(2)⊕ e(2) (0,−e13, e12, 0,−e46, e45) –
e(1, 1)⊕ e(1, 1) (0,−e13,−e12, 0,−e46,−e45) ρ = −e
125 − e126 + e135 − e145 − e246 + e345 + e346
Ω = −e14 + e23 − 2e56
e(2)⊕ R3 (0,−e13, e12, 0, 0, 0) –
e(1, 1)⊕ R3 (0,−e13,−e12, 0, 0, 0) –
e(2)⊕ e(1, 1) (0,−e13, e12, 0,−e46,−e45) –
e(2)⊕ h (0,−e13, e12, 0, 0, e45) –
e(1, 1)⊕ h (0,−e13,−e12, 0, 0, e45) –
A−1,β,−β5,7 (e
15,−e25, βe35,−βe45, 0, 0)
ρ = −e126 − e145 − e235 − e346
Ω = −e13 + e15 + e24 + e56
(β = −1)
A−15,8 ⊕ R (e25, 0, e35,−e45, 0, 0) –
A−1,0,γ5,13 (e
15,−e25, γe45,−γe35, 0, 0) –
A05,14 ⊕ R (e25, 0, e45,−e35, 0, 0) –
A−15,15 ⊕ R (e15 + e25, e25,−e35 + e45,−e45, 0, 0) –
A0,0,γ5,17 ⊕ R (e25,−e15, γe45,−γe35, 0, 0) –
Aα,−α,15,17 ⊕ R (αe15 + e25,−e15 + αe25,−αe35 + e45,−e35 − αe45, 0, 0)
ρ = e125 + e136 + e145 + e246 − e345
Ω = −e14 + e23 − e56
A05,18 ⊕ R (e25 + e35,−e15 + e45, e45,−e35, 0, 0) –
A−1,25,19 ⊕ R (−e15 + e23, e25,−2e35, 2e45, 0, 0) –
A5,36 ⊕ R (e14 + e23, e24 − e25, e35, 0, 0, 0) –
A5,37 ⊕ R (2e14 + e23, e24 + e35,−e25 + e34, 0, 0, 0) –
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